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Abstract. In this paper we study warped product CR-submanifolds in a nearly
Kaehler manifold and extend the results of B.Y. Chen [7] concerning warped
product CR-submanifolds in Kaehler manifolds to this more general setting.
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§1. Introduction
In [2], R.L. Bishop and B. O’Neill introduced the notion of warped product
manifolds by homothetically warping the product metric of a manifold B ×
F on to the fibers p × F for each p ∈ B. The generalized product metric
so obtained appears in differential geometric studies in a natural way. For
instance, a surface of revolution is a warped product manifold. So far as
it’s applications are concerned, it has been shown that the warped product
manifolds provide an excellent setting to model space-time around bodies with
high gravitational field (cf. [16]). In view of this fact many research articles
have recently appeared exploring existence or non existence of warped product
submanifolds in known spaces. B.Y. Chen [7] initiated the investigations by
showing that there doesn’t exist warped product CR-submanifold in Kaehler
manifolds. B. Sahin [20], extending the result of Chen, proved that there exist
no semi-slant warped product submanifolds in a Kaehler manifold. However,
many examples of CR-warped product submanifolds (obtained by reversing
the two factors of the warped product CR-submanifold) of Kaehler manifolds
are provided in [9] and [20]. In view of the interesting geometric features of
nearly Kaehler manifolds and the non-existence of CR-product submanifolds
in S6 (cf. [22]), it is worthwhile to explore warped product CR and CR-warped
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product submanifolds in a nearly Kaehler manifold in general. In this pursuit,
we have succeeded in extending the results of Chen to the setting of nearly
Kaehler manifolds.
§2. Preliminaries
Let M¯ be an almost Hermitian manifold with an almost complex structure J
and Hermitian metric g i.e., for all U, V ∈ TM¯
(2.1) J2 = −I, g(U, V ) = g(JU, JV ).
Further, let Ω be the fundamental 2-form associated to the Hermitian metric
g on M¯ i.e.,
(2.2) Ω(U, V ) = g(JU, V ).
The following is a useful relation exhibiting the relationship among Ω, ∇¯J
and the Nijenhuis tensor S of J (cf. [12]).
(2.3) 2g((∇¯UJ)V,W ) = dΩ(U, V,W )− dΩ(U, JV, JW )− g(U, S(V, JW ))
where the Nijenhuis tensor S of J is defined by
(2.4) S(U, V ) = [U, V ] + J [JU, V ] + J [U, JV ]− [JU, JV ].
Let M be a submanifold of M¯ . For each x ∈M , let Dx = TxM∩JTxM i.e.,
a maximal holomorphic subspace of the tangent space TxM . If the dimension
of Dx remains the same for each x ∈M , and it defines a differentiable distri-
bution D on M then M is said to be a generic submanifold. In addition, if
the complementary distribution D⊥ is totally real i.e., JD⊥ ⊆ T⊥M , then M
is said to be a CR-submanifold of M , where T⊥M denotes the normal bundle
on M which admits the orthogonal direct decomposition
T⊥M = JD⊥ ⊕ µ
It is straightforward to see that the orthogonal complementary distribution µ
of JD⊥ in T⊥M is an invariant subbundle of T⊥M . Let ∇¯ be the Riemannian
connection on M¯ . Let ∇¯ be the Levi-Civita connection on TM¯ and ∇, ∇⊥ be
the induced connections on the tangent bundle TM and the normal bundle
T⊥M respectively. Further, if h and Aξ denote the second fundamental form
and the shape operator (corresponding to a normal vector field ξ) respectively
then the Gauss and Weingarten formulae are given by
∇¯UV = ∇UV + h(U, V ),(2.5)
∇¯Uξ = −AξU +∇⊥Uξ(2.6)
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for each U , V ∈ TM . Aξ and h are related as
(2.7) g(AξU, V ) = g(h(U, V ), ξ)
where g denotes the Riemannian metric on M¯ as well as the induced Rieman-
nian metric on M . The mean curvature vector H is given by
H =
n∑
i=1
h(ei, ei)
where n is the dimension of M and {e1, . . . , en} is a local orthonormal frame
of vector fields on M . A submanifold M of M¯ is said to be totally geodesic
submanifold if h(U, V ) = 0, for each U, V ∈ TM and a submanifold is said to
be totally umbilical submanifold if h(U, V ) = g(U, V )H.
For U , V ∈ TM and ξ ∈ T⊥M , we decompose JU and Jξ into tangential
and normal parts as
JU = PU + FU,(2.8)
Jξ = tξ + fξ.(2.9)
Thus, P is a (1, 1) tensor field on TM , F is a normal valued 1-form on TM ,
t is a tangential valued 1-form on T⊥M and f is a (1, 1) tensor field on
T⊥M . Further, it is straightforward to observe that on a CR-submanifold
M , P (TM) ⊆ D, FD = 0, t(T⊥M) = D⊥ and f(T⊥M) ⊆ µ.
The covariant derivatives of P , F , t and f are defined as
(∇¯UP )V = ∇UPV − P∇UV,(2.10)
(∇¯UF )V = ∇⊥UFV − F∇UV,(2.11)
(∇¯U t)ξ = ∇U tξ − t∇⊥Uξ,(2.12)
(∇¯Uf)ξ = ∇⊥Ufξ − f∇⊥Uξ.(2.13)
Furthermore, let PUV and QUV denote respectively the tangential and
the normal parts of (∇¯UJ)V . Then by an easy computation, we obtain the
following formulae
PUV = (∇¯UP )V −AFV U − th(U, V ),(2.14)
QUV = (∇¯UF )V + h(U,PV )− fh(U, V ).(2.15)
204 V. A. KHAN, K. A. KHAN AND S-UDDIN
Similarly, for ξ ∈ T⊥M , denoting the tangential and normal parts of
(∇¯UJ)ξ by PUξ and QUξ, we find that
PUξ = (∇¯U t)ξ + PAξU −AfξU,(2.16)
QUξ = (∇¯Uf)ξ + h(tξ, U) + FAξU.(2.17)
It is straightforward to verify the following properties, which we enlist here
for later use
p1. (a) PU+VW = PUW + PVW, (b) QU+VW = QUW +QVW.
p2. (a) PU (V +W ) = PUV + PUW, (b) QU (V +W ) = QUV +QUW.
p3. (a) g(PUV,W ) = −g(V,PUW ), (b) g(QUV, ξ) = −g(V,PUξ).
p4. PUJV +QUJV = −J(PUV +QUV ).
§3. Some basic results
A nearly Kaehler structure on an almost Hermitian manifold M¯ is character-
ized by the condition
(3.1) (∇¯UJ)U = 0
for each U ∈ TM¯ .
A typical example of a nearly Kaehler non-Kaehler manifold is the six di-
mensional sphere S6. It has an almost complex structure J defined by the
vector cross product in the space of purely imaginary Caley numbers which
satisfies the condition (∇¯UJ)U = 0. We recall this almost complex struc-
ture here for later use. Let C be the Cayley division algebra generated by
{e0 = 1, ei, (1 ≤ i ≤ 7)} over R and C+ be the subspace of C consisting of all
purely imaginary Cayley numbers. We may identify C+ with a 7-dimensional
Euclidean space R7 with the canonical inner product g = ( , ). The automor-
phism group of C is the compact simple Lie-group G2 and furthermore the
inner product g is invariant under the action of G2 and hence, the group G2
may be considered as a subgroup of SO(7). A vector cross product for vectors
in R7 (= C+) is defined by
(3.2) x× y = (x, y)e0 + xy, ∀ x, y ∈ C+.
Then the multiplication table is given by
WARPED PRODUCT CR-SUBMANIFOLDS IN NEARLY KAEHLER MANIFOLDS 205
ej × ek =
j/k 1 2 3 4 5 6 7
1 0 e3 −e2 e5 −e4 e7 −e6
2 −e3 0 e1 e6 −e7 −e4 e5
3 e2 −e1 0 −e7 −e6 e5 e4
4 −e5 −e6 e7 0 e1 e2 −e3
5 e4 e7 e6 −e1 0 −e3 −e2
6 −e7 e4 −e5 −e2 e3 0 e1
7 e6 −e5 −e4 e3 e2 −e1 0
Considering S6 as {x ∈ C+ : (x, x) = 1}, the almost complex structure J on
S6 is defined by
(3.3) Jx(U) = x× U
where x ∈ S6 and U ∈ TxS6. The almost complex structure defined in (3.3)
together with the induced metric on S6 from g on R7 (= C+) gives rise to a
nearly Kaehler structure on S6 (cf. [11]).
On a submanifold M of a nearly Kaehler manifold M¯ , it follows from (3.1)
that
(3.4) (a) PUV + PV U = 0, (b) QUV +QV U = 0
for each U , V ∈ TM .
So far as CR-submanifold of nearly Kaehler manifolds are concerned, we
have
Theorem 3.1 [18]. The holomorphic distribution D on a CR-submanifold of
a nearly Kaehler manifold M¯ is integrable if and only if
QXY = 0 and h(X, JY ) = h(JX, Y )
for each X, Y ∈ D.
Theorem 3.2 [18]. The totally real distribution D⊥ on a CR-submanifold of
a nearly Kaehler manifold is integrable if and only if
g(PZW,X) = 0,
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or,
g(AJZW,X) = g(AJWZ,X)
for each Z,W ∈ D⊥ and X ∈ D.
A submanifold M of an almost Hermitian manifold is said to be a CR-
product submanifold if M is locally a Riemannian product of a holomorphic
submanifold NT and a totally real submanifold N⊥ of M¯ . Thus, a CR-
submanifolds M of an almost Hermitian manifold is a CR-product if and
only if both the distributions D and D⊥ on M are integrable and their leaves
are totally geodesic in M . In other words, a CR-submanifold M is a CR-
product in M¯ if and only if ∇UX ∈ D (or equivalently ∇UZ ∈ D⊥) for each
U ∈ TM, X ∈ D and Z ∈ D⊥. CR-submanifolds of Kaehler manifolds are
studied extensively by B.Y. Chen (cf. [3], [4] and [5] etc.). He obtained con-
ditions under which a CR-submanifold reduces to a CR-product. K.A. Khan
et.al [18] extended some of these conditions to the setting of CR-submanifolds
of nearly Kaehler manifolds. On the other hand, K. Sekigawa ([20], [21])
studied submanifolds of S6. In particular, he showed that there do not exist
CR-product submanifolds in S6 and thus paved way to explore CR-warped
product submanifolds in S6. He did construct an example of a CR-warped
product submanifold in S6. However, N. Ejiri [10] provided a categorical an-
swer to the more general problem by proving that there exist countably many
immersions of S1 × Sn−1 into Sn+1 such that the induced metric on it, is a
warped product of constant scalar curvature n(n− 1).
Our aim, in the succeeding sections is to study the warped product sub-
manifolds in nearly Kaehler manifolds. To begin the proceedings, we first
recall the formal definition of a warped product manifold (cf. [2]).
Definition 3.1. Let (B, g1) and (F, g2) be two Riemannian manifolds with
Riemannian metric g1 and g2 respectively and f a positive differentiable func-
tion on B. The warped product of B and F is the Riemannian manifold
B ×f F = (B × F, g), where
(3.5) g = g1 + f2g2.
More explicitly, if U is tangent to M = B×fF at (p, q), then
‖U‖2 = ‖dpi1U‖2 + f2(p)‖dpi2U‖2
where pii (i = 1, 2) are the canonical projections of B × F . onto B and F
respectively and dpii′s are their differentials.
For a differentiable function φ on a manifold M , the grad(φ) is defined as
(3.6) g(grad(φ), U) = Uφ
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for any vector field U tangent to M .
Bishop and O’Neill obtained the following basic result for warped product
manifolds.
Theorem 3.3 [2]. Let M = B×fF be a warped product manifold. If X,Y ∈
TB and V,W ∈ TF , then
(i) ∇XY ∈ TB,
(ii) ∇XV = ∇VX = (Xff )V,
(iii) nor(∇VW ) = −g(V,W )f grad(f).
where nor(∇VW ) is the component of ∇VW in TB and grad(f) is the gradient
of f .
Let M = B×fF . If h1 and h2 are the second fundamental forms of the
immersions of B and F respectively into M , then for any X ∈ TB and Z,
W ∈ TF ,
(3.7) g(h2(Z,W ), X) = −g(∇XZ,W )
which on making use of Theorem 3.3 takes the form
g(h2(Z,W ), X) = −(X ln f)g(Z,W ).
As h2(Z,W ) ∈ TB, above equation on applying formula (3.6) yields
h2(Z,W ) = −g(Z,W )grad(ln f)
which by virtue of the formula (3.5), is written as
(3.8) h2(Z,W ) = −f2g2(Z,W )grad(ln f).
That shows that F is totally umbilical in M . Now, we may complete the
statement of Theorem 3.3 by stating
Corollary 3.1 [2]. On a warped product manifold M = B×fF ,
(i) B is totally geodesic in M ,
(ii) F is totally umbilical in M .
If the manifolds NT and N⊥ are holomorphic and totally real submanifolds
of an almost Hermitian manifold M¯ respectively, then their warped products
are
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(a) N⊥×fNT ,
(b) NT×fN⊥.
In the sequel, we call the warped product submanifolds of type (a) as
warped product CR-submanifold and the warped products of type (b) as CR-
warped product submanifold.
The notion of warped product manifolds was introduced as a natural gen-
eralization to Riemannian product of Riemannian manifolds. It is easy to
observe that the warped product of two Riemannian manifolds is a Rieman-
nian product if the warping function f is constant. In particular, the warped
product submanifolds of type (a) and (b) reduce to CR-product submanifolds
when the warping function f is a constant function.
§4. CR-submanifold as warped product submanifold in nearly
Kaehler manifolds
Let M¯ be a nearly Kaehler manifold and M = N⊥×fNT be a warped product
CR-submanifold of M¯ . By property (p4), we have
(4.1) PXJX +QXJX = 0
for each X ∈ TNT .
The statement (ii) of the Theorem 3.3 can be restated as
(4.2) ∇XZ = ∇ZX = (Z ln f)X.
for each X, Y ∈ TNT and Z ∈ TN⊥. Hence,
(4.3) g(∇XZ,X) = (Z ln f)‖X‖2 = g(∇JXZ, JX).
On taking account of (2.5), (3.4) and (4.1), above equation can be written as
(4.4) (Z ln f)‖X‖2 = g(JZ, h(X, JX)).
Replacing X by JX in (4.4), we get
(4.5) (Z ln f)‖X‖2 = −g(JZ, h(X,JX)).
Thus from (4.4) and (4.5),
(4.6) (Z ln f)‖X‖2 = 0.
If M is assumed to be a proper CR-submanifold, then Z ln f = 0 i.e., M is
simply a CR-product. In other words, the theorem of B.Y. Chen (cf. [7]) is
extended to the setting of nearly Kaehler manifold as
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Theorem 4.1. There does not exist a proper warped product CR-submanifold
N⊥×fNT in nearly Kaehler manifolds.
On the other hand existence of a CR-warped product submanifold of a
nearly Kaehler manifold is ensured by K. Sekigawa, in view of the example
he provided in [22]. We study some important differential geometric aspects
of these submanifolds in this section. Moreover, as the example is relevant to
the present study, we recall it at the end of the section.
Lemma 4.1. Let M be a CR-warped product submanifold of a nearly Kaehler
manifold M¯ . Then we have
(i) g(h(X,Y ), JZ) = 0,
(ii) g(∇ZX,W ) = (X ln f)g(Z,W ) = g(h(JX,Z), JW )
for each X, Y ∈ TNT and Z, W ∈ TN⊥.
Proof. By Theorem 3.3, on M we have
∇XZ = ∇ZX = (X ln f)Z.
Taking account of the above formula, (2.10) yields
(∇¯XP )Z = 0.
Now, using (2.14), we obtain
g(AFZX,Y ) = −g(PXZ, Y ).
The left hand side of the above equation is symmetric in X and Y whereas
the right hand side is skew symmetric in X and Y . That proves
g(h(X,Y ), JZ) = g(PXZ, Y ) = 0.
The first equality in (ii) is an immediate consequence of Theorem 3.3 (ii).
For the second equality, by Gauss formula, we may write
g(h(JX,Z), JW ) = g(∇¯ZJX, JW )
= g(QZX, JW ) + g(∇ZX,W )
= g(QZJX,W ) + (X ln f)g(Z,W )
= −g(PZW,JX) + (X ln f)g(Z,W ).
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The first term in the right hand side of the above equation is zero by virtue
of Theorem 3.2 and thus the above equation reduces to
g(h(JX,Z), JW ) = (X ln f)g(Z,W ),
which proves the statement (ii).
Theorem 4.2. Let M be a CR-submanifold of a nearly Kaehler manifold
M¯ with integrable distributions D and D⊥. Then M is locally a CR-warped
product if and only if
(4.7) AJZX = −(JXµ)Z
for each X ∈ D, Z ∈ D⊥ and µ, a C∞-function on M such that Wµ = 0 for
each W ∈ D⊥.
Proof. If M is a CR-warped product submanifold NT×fN⊥, then on applying
Lemma 4.1, we obtain (4.7). In this case µ = ln f .
Conversely, suppose AJZX = −(JXµ)Z, then
g(h(X,Y ), JZ) = 0
i.e., h(X,Y ) ∈ µ, for each X, Y ∈ D. As D is assumed to be integrable, by
Theorem 3.1, QXY = 0 and therefore by (2.15)
F∇XY = h(X,JY )− fh(X,Y ).
It is easy to deduce from the above equation that ∇XY ∈ D. That means,
leaves of D are totally geodesic in M . Moreover,
g(∇ZW,X) = g(J∇¯ZW,JX)
= −g(PZW,JX)− g(AJWZ, JX).
The first term in the right hand side of the above equation vanishes in view
of Theorem 3.2 and the second term on making use of (4.7) reduces to
−Xµg(Z,W ). Thus, we have
(4.8) g(∇ZW,X) = −Xµg(Z,W ).
Now, by Gauss formula
g(h⊥(Z,W ), X) = g(∇ZW,X)
where h⊥ denotes the second fundamental form of the immersion of N⊥ into
M . On using (4.8), the last equation gives
g(h⊥(Z,W ), X) = −Xµg(Z,W )
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which shows that each leaf N⊥ of D⊥ is totally umbilical in M . Moreover, the
fact that Wµ = 0, for all W ∈ D⊥, implies that the mean curvature vector
on N⊥ is parallel along N⊥ i.e., each leaf of D⊥ is an extrinsic sphere in M .
Hence by virtue of the result of [15] which states that —If the tangent bundle
of a Riemannian manifold M splits into an orthogonal sum TM = E0 ⊕ E1
of non trivial vector sub bundles such that E1 is spherical and it’s orthogonal
complement E0 is auto parallel, then the manifold M is locally isometric to a
warped product M0×fM1, we get that, M is locally a warped NT×fN⊥ of a
holomorphic submanifold NT and a totally real submanifold N⊥ of M . Here
NT is a leaf of D and N⊥ is a leaf of D⊥ and f is a warping function.
Example 4.1. Let {e0, ei (1 ≤ i ≤ 7)} be the canonical basis of the Cayley
division algebra on R8 over R and R7 be the subspace of R8 generated by the
purely imaginary Cayley numbers ei (1 ≤ i ≤ 7). Then
S6 = {y1e1 + y2e2 + · · ·+ y7e7 : y21 + y22 + · · ·+ y27 = 1} ⊂ R7
is a unit 6-sphere admitting a nearly Kaehler structure (J, g, ∇¯) as has been
specified earlier. Now, suppose that
S2 = {y = (y2, y4, y6) ∈ R3 : y22 + y24 + y26 = 1}
is a unit 2-sphere and
S1 = {z = eit, t ∈ R}
is a unit circle. Consider the mapping
ψ : S2 × S1 −→ S6
defined by
ψ(y, z) = ψ
(
(y2, y4, y6), eit
)
= (y2 cos t)e2 − (y2 sin t)e3 + (y4 cos 2t)e4 + (y4 sin 2t)e5
+ (y6 cos t)e6 − (y6 sin t)e7
for y = (y2, y4, y6) ∈ S2 and z = eit ∈ S1, t ∈ R. Then ψ gives rise to an
isometric immersion from the warped product Riemannian manifold S2×fS1
into S6 (cf. [22]) where f is the function on S2 which is given by the restriction
of the function F on R3 defined as
F (y2, y4, y6) =
√
(1 + 3y24).
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